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A NEWTON-GIRARD FORMULA FOR MONOMIAL SYMMETRIC
POLYNOMIALS
SAMUEL CHAMBERLIN AND AZADEH RAFIZADEH
Abstract. The Newton-Girard Formula allows one to write any elementary symmetric
polynomial as a sum of products of power sum symmetric polynomials and elementary
symmetric polynomials of lesser degree. It has numerous applications. We have generalized
this identity by replacing the elementary symmetric polynomials with monomial symmetric
polynomials.
1. Introduction
Newton’s identity for elementary symmetric polynomials (also called the Newton-Girard
identity) has been applied in many areas of mathematics. For some recent applications see
[1, 3, 5, 8, 9].
The elementary symmetric polynomials are monomial symmetric polynomials where the
partition is of the form (1, . . . , 1). It seems natural to further generalize these identities by
replacing the elementary symmetric polynomials with monomial symmetric polynomials.
The purpose of this work is to prove such a generalization. The structure of the proof
follows that in [7].
In Section 2, we state the necessary definitions and the Newton-Girard Formula. In
Section 3, we state and prove our generalization. In Section 4, we give an application to
Lie algebras.
Acknowledgements: We would like to thank Emily Scott and Macy Tush for many helpful
calculations. We would also like to thank Ole Warnaar for suggesting the notation in the
theorem.
2. Preliminaries
Define N to be the set of positive integers and Z≥0 to be the set of nonnegative integers.
So Z≥0 = N ∪ {0}. Let F be a field and, for n ∈ N, let F[x1, . . . , xn] be the polynomial ring
in n indeterminates over F. The symmetric group Sn acts on F[x1, . . . , xn] by permuting
the variables. Let R be the invariant subring, which is the ring of symmetric polynomials
in n indeterminates over F.
A partition is a sequence of nonnegative integers in non-increasing order, which contains
only finitely many zero terms. The non-zero terms of a partition are called the parts. If
two partitions have the same parts we say they are the same. Given a partition λ we
define the length, l(λ) to be the number of parts of λ. If a1, . . . , ak, r1, . . . , rk ∈ N and
a1 > a2 > · · · > ak define
(
ar11 , . . . , a
rk
k
)
to be the partition having ri parts equal to ai for
each i ∈ {1, . . . , k}. Note that in this case l(λ) =
∑
ri. Given u := (u1, . . . , uk) ∈ Z
k define
|u|=
∑k
i=1 ui.
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Definition 2.0.1. Let λ be a partition with l(λ) ≤ n. Adding zeros if l(λ) < n, write
λ = (b1, . . . , bn) with b1 ≥ . . . ≥ bn ≥ 0. Then define the monomial symmetric polynomial
given by λ in n variables by
mλ =
∑
(c1,...,cn)∈Zn≥0
a nontrivial permutation of (b1,...,bn)
xc11 . . . x
cn
n ∈ R.
If l(λ) > n we define mλ := 0.
Definition 2.0.2. Let k ∈ N be given.
(1) Define the power sum symmetric polynomial with degree k by
pk := m(k) =
n∑
i=1
xki .
(2) Define the elementary symmetric polynomial of degree k by
ek := m(1k) =
∑
1≤i1<i2<···<ik≤n
xi1 . . . xik .
2.1. Newton-Girard Formula. The following formula, originally proven by Newton, has
subsequently been proven in numerous ways. Two very different proofs can be found in [6]
and [7].
Theorem 2.1.1 (Newton-Girard Formula). Let k ∈ N, then
kek =
k∑
i=1
(−1)i−1piek−i. (1)
3. A Generalization to the Monomial Symmetric Polynomials
The following theorem is a generalization of the Newton-Girard formula to the monomial
symmetric polynomials.
Theorem 3.0.1. Let λ :=
(
ar11 , . . . , a
rk
k
)
be a partition with l(λ) ≤ n, a1 > · · · > ak and let
a := (a1, . . . , ak) ∈ N
k, then
l(λ)mλ =
∑
u
(−1)|u|−1
(
|u|
u1, . . . uk
)
pa·um
(
a
r1−u1
1
,...,a
rk−uk
k
) (2)
where the sum is over all nonzero weak compositions u := (u1, . . . , uk) ∈ Z
k
≥0 with ui ≤ ri
for all i ∈ {1, . . . , k}.
The proof will follow the structure of that in [7]. Before proving this theorem we state
a lemma which allows one to write a product of a power sum symmetric polynomial and a
monomial symmetric polynomial as a linear combination of monomial symmetric polyno-
mials. It is a special case of Proposition 2.4 in [3].
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Lemma 3.0.2. Given a ∈ N and a partition λ :=
(
bs11 , . . . , b
sk
k
)
pamλ = m(a,bs11 ,...,b
sk
k )
+
k∑
i=1
m(
a+bi,b
s1
1
,...,b
si−1
i−1 ,b
si−1
i ,b
si+1
i+1 ,...,b
sk
k
) +
k∑
j=1
δa,bjsjm
(
b
s1
1
,...,b
sj−1
j−1 ,b
sj+1
j ,b
sj+1
j+1 ,...,b
sk
k
)
+
k∑
p,q=1
δa+bp,bqsqm
(
a+bi,b
s1
1
,...,b
sq−1
q−1 ,b
sq+1
q ,b
sq+1
q+1 ,...,b
sp−1
p−1 ,b
sp−1
p ,b
sp+1
p+1 ,...,b
sk
k
)
We now prove Theorem 3.0.1 using this Lemma.
Proof of Theorem 3.0.1. By the Lemma:
∑
u
(−1)|u|−1
(
|u|
u1, . . . uk
)
pa·um
(
a
r1−u1
1
,...,a
rk−uk
k
)
=
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)(
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) +
k∑
i=1
m(
a·u+ai,a
r1−u1
1
,...,a
ri−ui−1
i ,...,a
rk−uk
k
)
+
k∑
j=1
δa·u,aj (rj − uj)m
(
a
r1−u1
1
,...,a
rj−uj+1
j ,...,a
rk−uk
k
)
+
k∑
x,y=1
δa·u+ax,ay (ry − uy)m
(
a
r1−u1
1
,...,a
ry−uy+1
y ,...,a
rx−ux−1
x ,...,a
rk−uk
k
)
)
+ (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
=
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
)
+
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
) k∑
i=1
m(
a·u+ai,a
r1−u1
1
,...,a
ri−ui−1
i ,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
+
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
) k∑
j=1
δa·u,aj (rj − uj)m
(
a
r1−u1
1
,...,a
rj−uj+1
j ,...,a
rk−uk
k
)
+
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
) k∑
x,y=1
δa·u+ax,ay (ry − uy)m
(
a
r1−u1
1
,...,a
ry−uy+1
y ,...,a
rx−ux−1
x ,...,a
rk−uk
k
)
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=
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
)
+
k∑
i=1
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u+ai,a
r1−u1
1
,...,a
ri−ui−1
i
,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
+
k∑
j=1
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
δa·u,aj (rj − uj)m
(
a
r1−u1
1
,...,a
rj−uj+1
j ,...,a
rk−uk
k
)
+
k∑
x,y=1
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
δa·u+ax,ay (ry − uy)m
(
a
r1−u1
1
,...,a
ry−uy+1
y ,...,a
rx−ux−1
x ,...,a
rk−uk
k
)
=
k∑
t=1
mλ +
∑
u6=r
|u|>1
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) +
k∑
j=1
(rj − 1)mλ
+
k∑
i=1
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u+ai,a
r1−u1
1
,...,a
ri−ui−1
i ,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
+
k∑
x,y=1
∑
u6=r
(−1)|u|−1
(
|u|
u1, . . . uk
)
δa·u+ax,ay (ry − uy)m
(
a
r1−u1
1
,...,a
ry−uy+1
y ,...,a
rx−ux−1
x ,...,a
rk−uk
k
)
= kmλ +
∑
u6=r
|u|>1
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
)
+
k∑
i=1
∑
|u|>1
(−1)|u|−2
(
|u|−1
u1, . . . , ui − 1, . . . , uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
+ l(λ)mλ − kmλ
+
k∑
x,y=1
∑
|u|>1
(−1)|u|−2
(
|u|−1
u1, . . . , ux − 1, . . . , uk
)
δa·u,ay (ry − uy + δx,y)m
(
a
r1−u1
1
,...,a
ry−uy+1
y ,...,a
rk−uk
k
)
= l(λ)mλ +
∑
u6=r
|u|>1
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
)
+
∑
|u|>1
(−1)|u|−2
(
|u|
u1, . . . , uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
= l(λ)mλ +
∑
u6=r
|u|>1
(−1)|u|−1
(
|u|
u1, . . . uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) + (−1)|r|−1
(
|r|
r1, . . . , rk
)
pa·r
+
∑
u6=r
|u|>1
(−1)|u|−2
(
|u|
u1, . . . , uk
)
m(
a·u,a
r1−u1
1
,...,a
rk−uk
k
) + (−1)|r|−2
(
|r|
r1, . . . , rk
)
pa·r
= l(λ)mλ
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4. An Application to Lie Algebras
The current algebra for the Lie algebra sl2 is the vector space sl2⊗C[t] with Lie bracket
given by extending the bracket
[x⊗ f, y ⊗ g] = [x, y]⊗ fg = (xy − yx)⊗ fg
bilinearly.
For a Lie algebra a let U(a) represent its universal enveloping algebra. Then the abelian
algebra U(h ⊗ C[t]) is isomorphic to the algebra of symmetric functions in n variables via
the map
(
h⊗ tj
)
7→ pj.
In 1978, Howard Garland, while investigating the representation theory of the loop alge-
bras, defined the elements Λr ∈ U(h⊗C[t]), [4]. These elements satisfy the relation
kΛk =
k∑
i=1
(−1)i−1(h⊗ ti)Λk−i. (3)
Therefore, the Newton-Girard formula implies that under the isomorphism above Λk 7→ ek.
In 2013, the first author, while investigating the representation theory of the map alge-
bras, defined the elements p(λ) ∈ U(h⊗ C[t]), [2]. These elements satisfy the relation
l(λ)p(λ) =
∑
u
(−1)|u|−1
(
|u|
u1, . . . uk
)
(h⊗ ta·u)p
(
ar1−u11 , . . . , a
rk−uk
k
)
. (4)
Therefore, by Theorem 3.0.1 under the isomorphism above p(λ) 7→ m(λ).
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